Assessing the external stochastic errors of radio source position catalogues derived from VLBI observations is important for tasks such as estimating the quality of the catalogues and their weighting during combination. One of the widely used methods to estimate these errors is the three-cornered-hat technique, which can be extended to the N-cornered-hat technique. A critical point of this method is how to properly account for the correlations between the compared catalogues. We present a new approach to solving this problem that is suitable for simultaneous investigations of several catalogues. To compute the correlation between two catalogues A and B, the differences between these catalogues and a third arbitrary catalogue C are computed. Then the correlation between these differences is considered as an estimate of the correlation between catalogues A and B. The average value of these estimates over all catalogues C is taken as a final estimate of the target correlation. In this way, an exhaustive search of all possible combinations allows one to compute the paired correlations between all catalogues. As an additional refinement of the method, we introduce the concept of weighted correlation coefficient. This technique was applied to nine recently published radio source position catalogues. We found large systematic differences between catalogues, that significantly impact determination of their stochastic errors. Finally, we estimated the stochastic errors of the nine catalogues.
Introduction
Very long baseline interferometry (VLBI) is currently the primary technique for maintening International Celestial Reference Frame (ICRF, Ma et al. (2009) ). The latter is realized as a catalogue of radio source coordinates derived from processing the VLBI observations. Assessing the systematic and stochastic errors of radio source position catalogues (RSPCs) plays an important role in improvement of the ICRF. The internal stochastic error of the RSPCs is determined by the source position uncertainties given in the catalogue. The external ("absolute") catalogue stochastic error can be assessed only from mutual comparison of several RSPCs. The principal difficulty in determining the external errors is that we can investigate only the differences between catalogues. Malkin (2008) proposed a method for evaluating the overall accuracy of RSPCs without separating catalogue errors into systematic and stochastic parts based on comparison of the uncertainty of the nutation angles derived from VLBI observations using different RSPCs. To estimate the stochastic errors only, the so-called three-cornered-hat (TCH) method can be used. It was originally developed for investigation of the stability of frequency standards (Gray & Allan 1974) , and was then applied for noise analyses of various data, in particular, astronomical and geodetic time series and RSPCs. However, although this method is widely used, its application is not straightforward because it generally requires knowledge of the correlation between series under investigation, which are never known a priori.
One method to overcome this difficulty was proposed by Tavella & Premoli (1994) and was further advanced by Torcaso et al. (1998) and Galindo & Palacio (2000) . However, this method can be only partly applied to the RSPCs analysis because it requires selecting one of the compared clocks (data sets) as a reference clock with which other clocks (data sets) are compared, which contradicts our goal of comparing all the catalogues as equipollent. This means that the first problem is that the result will depend on the choice of the reference catalogue. It is also important that this method is not aimed at estimating the actual correlation between data sets, but at finding the smallest correlations that provide a positive variance solution (Torcaso et al. 1998 ).
Several developments in using the TCH method for RSPCs were made in the Main Astronomical Observatory (MAO) of the National Academy of Sciences, Ukraine, which were reported in Molotaj et al. (1998) and Bolotin & Lytvyn (2010) . To estimate the correlations between three catalogues, these authors first computed an averaged (combined) catalogue. The differences between the input and averaged catalogues were then analyzed to derive the correlations between the three compared catalogues and their external errors. This method was, in particular, used to analyze of the catalogues computed in the framework of the ICRF2 project (Ma et al. 2009 ). The MAO method also has some shortcomings, partially noted by Bolotin & Lytvyn (2010) . In particular, the results depend on the method used to compute the average catalogue and some other factors. Moreover, this approach is suitable for comparisons of three catalogues only.
In this work, we develop a new approach to estimate the correlations between RSPCs, which is an extension of the MAO method. It allows to simultaneously analyze an unlimited number of RSPCs, the more the better, in fact. Another development is a new concept of weighted correlation coefficient, which is important for analysis of unevenly weighted data. The third im-provement is accounting for systematic differences between catalogues.
The outline of the paper is the following: The basic theory of the TCH method is given in Section 2. In Section 3, the proposed approach is described and applied to nine recently published RSPCs. In particular, a new method for estimating correlation between catalogues is considered in this section. Finally, we we estimated the stochastic errors of the nine RSPCs. Section 4 provides a summary of our results.
Basics of the TCH method
In its original formulation, the TCH method was applied to three series of measurements, which allows one to write the following system of three equations for the paired differences between the series assuming they are uncorrelated:
with the solution For an arbitrary number of series N, σ i can be found from the following solution (Riley 2008) :
This extension of the TCH method is called the N-corneredhat (NCH) method.
Unfortunately, the method often fails because it may produce negative variances if the data under investigation are correlated. With correlations, the system to be solved consists of the equations
Accordingly, the key point of the TCH (NCH) method is to find reliable estimates of the correlation coefficients ρ i j .
Application of the NCH method to RSPCs
We used nine recently published RSPCs computed in various VLBI analysis centres. The general information about these catalogues is given in Table 1 . They have 703 sources in common. All subsequent computations were made for these sources.
First, the paired differences between the catalogues were computed using weights reciprocal to the squares of the source uncertainties. The differences in right ascension were multiplied by cos δ. Then the variances of the paired differences were computed. The systematic differences between catalogues may have a substantial impact on the determination of the catalogues' stochastic errors. Ma et al. (2009) investigated and removed the systematic differences between catalogues prior to evaluating their stochastic errors by means of the TCH method. They used a simple model consisting of the rotation and the first harmonic terms, which may be too rough an approximation of the actual systematics, which is typically much more complicated (Sokolova & Malkin 2007) . Moreover, the impact of systematic differences on determination of the catalogues stochastic errors was not investigated.
We used a non-parametric representation of the systematic differences between RSPCs by means of exponential smoothing. We considered this representation preferable for our purpose because a non-parametric model allows one to represent the systematics sufficiently accurately and without computationally complicated expansion of the catalogue differences into a series of orthogonal functions, which is necessary to compute a combined catalogue (Sokolova & Malkin 2007) .
The exponential smoothing on the sphere proceeds as follows. Let a function y i with the associated uncertainties s i be given on the celestial sphere for arguments x i with coordinates α i and δ i , i = 1, . . . , n. The smoothed value y * for argument x * with coordinates α * and δ * is computed by
where p i are weights reciprocal to s 2 i , a is the smoothing parameter, and d i is the distance between x i and x * given by
The larger a, the stronger is smoothing. Only points with d/a ≤ 10 are included in the sum, which substantially reduces the computation time. Note that x * must not necessarily coincide with one of the x i . Hence the method can be used for computing smoothed value for an arbitrary argument, for instance for simultaneous smoothing and interpolation.
The systematic differences between eight input catalogues and GSF are depicted in Fig 1. The systematics in other catalogues' differences can be imagined from these plots. Although a detailed discussion on the systematic differences between catalogues is beyond the scope of this paper, we can note some remarkable features. The largest differences can be seen for the RFC catalogue. One of the main reasons for this may be that the orientation of the RFC catalogue is constrained by 212 ICRF defining sources (Ma et al. 1998) , whereas the other catalogues were tied to ICRF2 (Ma et al. 2009 ). ICRF2 was also tied to ICRF, but using the 138 most stable sources common to both ICRF2 and ICRF. Therefore, a significant part of the systematic errors of ICRF, which reach about 200-250 µas (Sokolova & Malkin 2007) , can propagate to the RFC catalogue. However, some other catalogues, computed not with Calc/Solve in the first place, also show large systematic differences both with the GFC catalogues and among themselves. This proves that linking individual RSPCs to ICRF2 using the nonet-rotation constraint does not eliminate a significant portion of the catalogue systematic errors. Another important conclusion is that the differences in the declination are much greater than in the right ascension, and for most of the differences a ∆δ δ pattern is clearly visible. This suggests that different handling of the troposphere (parameterisation, mapping function, gradient modelling, etc.) can be a reason of the systematics.
To investigate the impact of the systematic differences between catalogues on the result of computing their stochastic errors, the variances of the paired differences were computed both for the original differences and the differences corrected for the systematics. These variances are presented in Table 2 .
Here, we present a new method for computing the correlations between RSPCs for an arbitrary number of catalogues greater than three. The proposed computational procedure is as follows: Let us have N catalogues. First we select sources in common in all the catalogues, which are used for the subsequent analysis. In our case we used 703 sources in common for the nine input catalogues. Now we consider the i-th and j-th catalogues. At the first step we computed the differences between these catalogues with all k-th catalogues, k = 1, ..., N, k i, k j. After that, we computed the correlation ρ To compute the correlation coefficient between two data sets we used both the standard procedure and its weighted modification, defined as follows: For two series of measurements x i and y i , i = 1, . . . , n, the standard correlation coefficient is computed by
wherex andȳ are the mean values of x i and y i . For unevenly weighted series x i and y i with associated standard errors s x,i and s y,i , we introduced the weighted correlation coefficient as
where p x,i = 1/s 2 x,i , p y,i = 1/s 2 y,i , andx andȳ are weighted mean of x i and y i . Clearly, for evenly weighted data (8) is equal to (7). Figure 2 shows an example of computation of the standard (ρ xy ) and weighted (ρ w xy ) correlation coefficient for data with outliers. One can see that outliers can lead to a completely wrong correlation estimate.
The correlations between input catalogues and the variances of their paired differences are presented in Table 2 for two main variants: before and after correcting for the systematics. One can see that the correlations in RA and DE are very similar, and there is no clear dependence on the software. Evidently, both the variances of paired differences D and the correlation coefficients between catalogues are affected by the systematic differences between them. The effect is especially strong for the pairs of catalogues with large systematic differences (see Fig.1 ).
We computed the stochastic errors of the nine RFPCs in two ways: with and without correcting for the systematic differences between catalogues. The results are presented in Table 3 . The weighted correlation coefficients were used in both cases. A comparison of the two variants shows that the systematic differences significantly affect the determination of their stochastic accuracy. The numbers in the last column of Table 3 are considered as the final result of our work. 
Conclusion
We presented a new approach to assess the external stochastic errors of the RSPCs. The new features of this method are: -simultaneous processing of all catalogues; -implementing a new strategy for estimating the correlations between RSPCs; -using weighted correlation coefficients; -accounting for systematic differences between RSPCs. Using this approach, we obtained independent estimates of the stochastic errors of the nine recently published RSPCs. For most of the RSPCs computed in the same manner as their previous versions of 2008, our values generally agree with the estimates obtained by Ma et al. (2009) . For the IGG, RFC, and SHA catalogues, the estimates were computed for the first time.
It is important to note that the external stochastic errors of the RSPCs (Table 3) closely correlate with their formal errors (Table 1) . In other words, we can say that internal and external errors are connected, most probably because of the quality of the software used, as well as because of analysis strategy details such as modelling and parameterisation. 
